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Layup Optimization Considering Free-Edge Strength
and Bounded Uncertainty of Material Properties

Maenghyo Cho¤ and Seung Yun Rhee†

Seoul National University, Seoul 151-742, Republic of Korea

The layup optimization of the maximum strength of laminated composites with free edge by genetic algorithm
(GA) is presented. To ef� ciently calculate the interlaminar stresses of composite laminates with free edges, the
extended Kantorovich method was applied. In the formulation of GA, a repair strategy was adopted to satisfy
given constraints. Multiple elitism schemes were implemented to ef� ciently � nd multiple global optima or near
optima. A convex modeling technique is proposed to consider the bounded uncertainty of material properties.
Results of the GA optimization with scattered properties were compared with those of optimization with nominal
properties. The GA combinedwith convex modeling can work as a practical tool for lightweightdesign of laminated
compositestructures because geometric and material uncertainties are always encountered in composite materials.

Nomenclature
B = bending curvature with respect to the y axis
C = extensional strain along the x axis
Ei = uncertain material properties
E0

i = nominal values of material properties
F , 9 = Lekhnitskii stress functions
fi .» /, pi .» / = in-plane stress functions
G.Ei / = failure index
gi .´/ = out-of-plane stress functions
h = total thickness of the laminate
h0 = one-ply thickness
N = number of layers
Ne = number of elites to be copied

into the next generation
n j = surface normal vector
Pcr, Pmu = probability of crossover and or mutation
PopSize = size of population
R = reliability
S = shear strength
Si j = compliances in the generalized coordinates
Sl = interlaminar tensile strength
u, v, w = displacement along the x or y or z axis
u i = displacements
X t , X c = axial or longitudinal strength

in tension or compression
Yt , Yc = transverse strength in tension or compression
®i = coef� cients of thermal expansion in the

generalized coordinates
±i = deviation of material properties
"i , "i j = strain in the generalized coordinates
´, » = nondimensionalizedcoordinates

in the z or y direction
2 = relative angle of rotation about the x axis
¾i , ¾i j = stress in the generalized coordinates
N¾zz , N¾zx = averaged interlaminar normal or shear stress
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I. Introduction

T HE laminates with free edges suffer from the failure initia-
tions by the critical interlaminar stresses near the free edges.

Thus, if free edges cannot be avoided the layups should be arranged
such that interlaminar stresses are minimized near the free edges of
laminates. The interlaminar free-edge strength analysis plays a key
role in solving the optimization problem of a layup design. Even
though robust � nite element method can provide accurate predic-
tion of interlaminarstresses, it requiresa large amount of computing
time. In addition, the repeated efforts to prepare different meshes
for analyzing the behaviors for various layup con� gurations make
design optimization not only impossible but much harder. Thus, it
is preferable to develop a simple and ef� cient analytical method
to analyze the interlaminar stresses near the free edges. The ex-
tended Kantorovich method proposed by Cho and Yoon,1 Cho and
Kim,2 and Kim et al.3 demonstrated the ef� ciency and reliability
of the method in predicting the free-edge interlaminar stresses and
strength under thermomechanical loadings. The iterative extended
Kantorovich method was used in the present study to analyze the
strength of free edges.

In laminated composite structures the layups of laminates can be
arranged for the lightweight and/or high performance of composite
structures.Quiteoften in the structurallayupdesignof compositero-
tor blades, the bending-torsioncoupling is intentionally introduced
to make the blade perform more ef� ciently. In most structural de-
signs using composite laminates, laminates are restricted to some
discrete sets of ply orientation angles such as 0, §30, §45, §60,
and 90 deg. This practical manufacturingpoint of view requires the
discretizedoptimizationmethodologyfor the layupdesignproblem.

Genetic algorithm (GA) or the simulated annealing method is
consideredanappropriatemethodfor discretizedoptimizationprob-
lems. Recently, a considerable number of researchers in optimiza-
tion of design of the composite structureshave reportedusing a GA.
Comparatively,the applicationof the simulatedannealingmethod is
rare in this � eld. GA is a quite powerful methodology for the prob-
lem with integer variables and the problem in which the gradient
of the objective functions is dif� cult to obtain. The application of
GA was initially reported by Hajela4 for composite structures.Har-
rison et al.5 designed composite stringer stiffened panels by using
a genetic algorithm. Le Riche and Haftka6 proposed a GA to op-
timize the stacking sequence of composite laminate for maximum
buckling load. For the same problem Liu et al.7 provided permuta-
tion genetic algorithms. A recessive-gene-like repair strategy was
introduced by Todoroki and Haftka8 and by Todoroki and Sasai9

to handle given constraints ef� ciently.Recently, Soremekun et al.10

applied the generalized elitist selection (GES) to the problems with
many global optima and those showing performance very close to
optimal.
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In the present study the layup optimization for the maximum
strength of laminated composites with free edge is performed. The
limitation in the selection of ply angles makes the layup design a
combinatorial optimization problem. GAs have been used exten-
sively to solve this type of combinatorial problems.11¡14 GAs are
well suited for the problem of layup optimization, and because of
random nature of GA they easily produce alternative optima in re-
peated runs. This property is particularly important in layup op-
timization because widely different layups can have very similar
performance.15

Because of the uncertainty of the manufacturing process on the
laminated composites, the stiffnesses, angle orientations, and ply
thicknessof laminates are not uniformlydetermined.The scattering
of theseparametersdependson thequalityof cured laminates.These
uncertaintiesshouldbe includedin the design process.However, the
information on the overall probability density function for each of
the parameters is dif� cult to obtain. Thus, we assume that the scat-
tering bounds with respect to the nominal values of the parameters
such as material properties are known priori. Then, by constructing
a convex set from the scattering bound and sensitivity of the func-
tional a modi� ed functional considering the effect of uncertainty
can be obtained.16

The objective of the present study is to consider this bounded
uncertainty of material properties in the design optimization. The
scatteringbound, which depends on the manufacturingquality con-
trol, needs to be provided as input data. The variationsof scattering
bound will change the optimized layup con� gurations and maxi-
mum strengths.

The present paper consists of the following: First, the extended
Kantorovich method for free-edge stress/strength analysis is out-
lined. Second, the formulation of a modi� ed optimized functional
subject to a convex set of constraints is derived. Third, a GA with
a repair strategy and multiple elitism is outlined. Finally, numerical
examples and discussions are provided.

II. Strength Analysis Considering Free-Edge Strength
A. Extended Kantorovich Method

The geometry of composite laminates with free edges under ex-
tension is given in Fig. 1. The laminate consists of orthotropic ma-
terials. The thicknessof each ply is the same, and symmetric layups
are considered.The linearelasticconstitutiveequationsare assumed
in each ply, and they are expressed in the following form:
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Fig. 1 Geometry of composite laminates with free edges.

For the given geometric con� gurationof laminates, the boundary
conditions at the free edge and the surfaces of top and bottom faces
are given in Eq. (2):

¾2 D ¾4 D ¾6 D 0 at y D 0; 2b

¾3 D ¾4 D ¾5 D 0 at z D §h=2 (2)

Generalized plane strain states are assumed, and the stress � elds
are independentof x axis. The coordinatesare nondimensionalized
as follows:

´ D z=h; » D y=h

Lekhnitskii stress functions are introduced to satisfy pointwise
equilibrium equations automatically. These stress functions can be
divided into the in-plane and out-of-plane functions. The func-
tions fi (» ) and pi (» ) are in-plane functions, and gi (´) are out-of-
planefunctions.The individualstresscomponentsareobtainedfrom
Lekhnitskii stress functions, and the relationshipsare given as
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D ¡¾4
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where

F D
nX

i D 1

fi .» /gi .´/; Ã D
nX

i D 1

pi .» /g I
i .´/ (4)

The superscript I in Eq. (4) denotesdifferentiationwith respect to ´.
The in-plane stress functions are determined from the initially

assumed basis set of out-of-plane functions, which must satisfy
traction-free conditions at the top and bottom surfaces. The ini-
tial out-of-plane functions gi (´) are assumed to be the eigenmodes
of a clamped–clamped beam vibration.

The governingequations are obtained from the principleof com-
plementary virtual work:

0 D
Z Z Z

u i ±¾i j; j dx dy dz

D
Z Z Z ©

.ui ±¾i j /; j ¡ ui; j ±¾i j

ª
dx dy dz

D
Z Z

s

u i ±¾i j n j dA ¡
Z Z Z
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2
.u i; j C u j;i /±¾i j dx dy dz (5)

By using traction-freeboundary conditions and neglecting rigid-
body motions, one obtains

Z Z
.1u±¾x x C 1v±¾yx C 1w±¾zx / dy dz D

Z Z
"i j ±¾i j dy dz

.1u D C ¡ Bz; 1v D ¡2z; 1w D B=2 C 2y/ (6)

Here, we only consider the extension behavior.
From the initially assumed basis function set, one can get the

in-plane stress functions.The � rst process is given as follows. Sub-
stituting Eq. (3) into Eq. (6), the stresses are expressed in terms of
fi and pi . The Euler differential equations for fi and pi can be ob-
tained from Eq. (6). Thus, in-plane stress functions are determined
from the initially assumed out-of-plane stress functions gi (´).

In the second process the Kantorovichmethod is reapplied to the
original complementary virtual work given in Eq. (6). Substituting
the in-plane stress functions fi and pi , which were obtained in the
� rst process, into Eq. (6), the enhancedout-of-planestress functions
gi (´) are obtained by solving Euler equations given in Eq. (6).

The third iterationprocess is similar to the � rst one, and the fourth
process is similar to the second process. In the computer program
n-time iterations can be easily performed because the stress func-
tion patterns do not change after the second process. The detailed
analysis process can be found in Refs. 1 and 2.
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Fig. 2 Concept of averaging stress over the distance h0 from the free
edge.

B. Strength Analysis by the Average Stress Criterion
The maximum averagedstress criterionproposedby Whitneyand

Nuismer17 is employed for the evaluation of the proposed analysis
method and compared with other known results of the interlaminar
failure analysis. Failure occurs when the average value of interlam-
inar normal stress (¾3) reaches interlaminar tensile strength Sl , that
is, when

Sl D 1
h0

Z h0

0

¾ .»; ´/ d» (7)

In Eq. (7) h0 is taken as one ply thickness for all of the cases. The
concept of the average stress N¾3 is shown in Fig. 2.

The location and maximum value of interlaminar stress depend
on the stacking sequences. That is, the failure is dominated by the
interlaminar normal or shear stresses that are closest to the critical
value. Kim and Soni18 reported that failure is initiated by the inter-
laminarnormalstress in the strengthanalysisof compositelaminates
they considered.The results of the present study were compared to
the results of Kim and Soni.18 T300/5208 graphite–epoxy compos-
ite laminates were considered, and the material properties are as
follows:

E1 D 137:9 GPa; E2 D E3 D 9:65 GPa

G12 D G13 D 5:52 GPa; G23 D 4:14 GPa

º12 D º13 D 0:3; º23 D 0:6

®1 D 22:28 £ 10¡6=±C; ®2 D ¡0:9 £ 10¡6=±C

1T D ¡111:1±C

One of the results of strength analysis for composite laminates
of which failure was dominated by the interlaminar normal stress
is shown in Fig. 3. The maximum interlaminar normal stresses
occurred at the midsurface of laminates. The experimental results
agreed with the predicted values of the present method very well.
The resultsof the presentstrengthanalysiswere also correlatedvery
well with the results of the global– local approach proposed in Ref.
19. The present results provide just a little conservative prediction
of strength,but they were not distinguishablein the plottingsshown
in Fig. 3.

The present analysis method can provide reliable and ef� cient
predictions of the maximal stress position through the thickness
near the free edges, whereas the global–local approach in Ref. 19
might not indicate the maximal stress position properly through the
thickness.

C. Maximum Stress Criterion and Quadratic Criterion
In the present layup optimization problem for maximal strength,

a maximum stress criterion was adopted for the in-plane strength

Fig. 3 Comparison of prediction and experiment for onset of delami-
nation of the [§§30n/90n]s laminate.

criterion, and a quadratic criterion20 was used for the interlaminar
strength criterion. They are given as

¡X c < ¾x x < X t ; ¡Yc < ¾yy < Yt ; j¾x y j < S (8)

. N¾zz=Yt /
2 C . N¾zx =S/2 < 1 (9)

where X and Y represent the failure strength along and transverse
to the � ber direction, respectively. Tension and compression are
represented by subscripts t and c, respectively.The reason for em-
ploying the quadratic criterion is that the criterion is more reliable
and compact to apply than the independentmaximum averagestress
criterion. According to the preceding criteria, we considered six
failure modes: tensile axial, compressive axial, tensile transverse,
compressive transverse, and interlaminar failure modes.

III. Considering Uncertainties in Material Properties:
Convex Modeling

To consider the uncertainty of the design parameters, the func-
tion of the probability distributions should be known. However, the
probability function of the scatteringdistributionrequires suf� cient
data measurements. In the industry these uncertainty distribution
functions might not be available. If the uncertainties under consid-
eration are bounded with respect to the nominal reference values,
a convex set from scattering bound of design parameters can be
easily constructed. Convex modeling can be used in the constraint
equations of the optimizationproblem to consider the uncertainties
of material data and geometric data. This approach can be found in
Refs. 16 and 21–23, and the procedure for analysis is outlined here
to apply to our problems.

We consideronly material uncertaintiesin the presentstudy.Then
E1 D EL , E2 D ET , E3 D ºLT , and E4 D GLT . The failure index can
be expanded up to linear terms by considering small parameter
changes as follows:
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Vectors f fg, f±g are de� ned as follows:

f f gT D

"
@G

¡
E 0

i

¢

@E1
;

@G
¡
E0

i

¢

@ E2
;

@G
¡
E 0

i

¢

@E3
;

@G
¡
E0

i

¢

@ E4

#
(11)

f±gT D [±1; ±2; ±3; ±4] (12)

Then the perturbed failure index can be symbolically given as
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Fig. 4 Schematic of convex set in three-dimensional con� gurational
space.

If it is assumed that ±i constructa convex set, then from the linearity
of Eq. (13) maximum values are on the boundary of the convex set.
The constructedconvex set of ellipsoid shape is derived as follows:

Z.e/ D

(

± :
4X

i D 1

±2
i

e2
i

· 1

)
(14)

In Fig. 4 the schematic of the convex set in three-dimensionalcon-
� gurational space with three uncertain parameters E1 , E2 , and E3

is displayed.
To obtain ei , the following Lagrangian should be minimized:
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Through the variationalprocess ei are obtained as

ei D 21i (16)

The problem of maximizing the failure index with material data
scattering ±i is constructed as the following form:

Gmax D Max
f±g 2 Z .e/

£
G

¡
E0

i

¢
C f f gT f±g

¤
(17)

The problem can be expressed by the following modi� ed
Lagrangian:

L.±/ D f f gT f±g C ¸.f±gT f"gf±g ¡ 1/ (18)

where f"g is a diagonal matrix whose diagonal elements are
"ii D 1=e2

i .
After obtaining Lagrange multiplier f±g for maximum failure in-

dex are obtained as

f±g D §1
¯¡p

f f gT f"g¡1f f g
¢
f"g¡1f f g (19)

Maximumfailure indexconsideringboundedscatteredmaterialdata
can be � nally obtained as
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IV. Genetic Algorithm
The design objective of the present study is to obtain layups of

symmetric laminates that sustain the maximum applied load under
just-mentioned independent maximum stress criterion. The 16-ply
symmetric layup con� gurations are considered in the present study.
Each ply thickness is � xed, and ply orientationangles are limited to
0, §30, §45, §60, and 90 deg.

Fig. 5 Flowchart of GA.

Three constraints are applied to the present optimization prob-
lem. The � rst one is the symmetric layup constraint, but this is
satis� ed automatically by the coding rule that only half of the lam-
inates are represented in a chromosome. The second constraint is a
requirement of balanced laminate construction, which is intended
to reduce or eliminate undesirable extensional–� exural coupling.
The third constraint is a limit of four contiguousplies with the same
� ber orientation,which reduces the problemofmatrix cracking.The
last two constraints are referred to as balance constraint and four-
contiguity constraint, respectively, in the following descriptions. It
is not easy to enforce these two constraints in genetic optimization.
Penalty function can be used for handling these constraints. But in
the present study a recessive-gene-like repair strategy, introduced
by Todoroki and Haftka,8 is applied with modi� cations. The key
concept of the recessive-gene-like repair strategy is to repair the
laminate without changing the chromosome.

For the problem with multiple global optima, the optimization
process that � nds as many optima as possibleis required.To accom-
plish this requirement,multiple elitism strategies that copy the best
designs in current generation into the next generation are adopted.
This strategy is called by the � rst multiple elitist selection scheme
among the GES procedures, which are proposed by Soremekun
et al.10

A. Outline of GA Scheme
The � owchart of GA is illustrated in Fig. 5. To represent the ply

anglesin a layupas genes (in a chromosome), � venumbersare intro-
duced with each gene having one of the values of 0, 1, 2, 3, or 4. The
gene-0 and gene-4 correspond to 0- and 90-deg plies, respectively.
The � rst (outermost), third, � fth, etc. occurrences of gene-1 corre-
spond to C30 deg, whereas even-number occurrences correspond
to ¡30 deg. In similar way gene-2 and gene-3 represent §45 and
§60 deg, respectively.Herein only half of the plies are represented
by the chromosome because of the symmetry of laminates.

The initial population of chromosomes is generated at random.
Each chromosome (laminate) is repairedby the following strategies
and evaluated by the maximum applied load calculatedby using the
strength analysis described in the preceding section.

The Ne top chromosomes of each generation are always copied
into thenextgenerationby themultipleelitism.Selectionis executed
by a linear search through a roulette wheel with slots weighted in
proportion to string � tness values.

After selection a two-point crossover, which is different from
simple crossover, is conductedwith a probability value of Pcr. Two
random cutpoints are chosen � rst, and the offspring is generated by
combining the middle segmentof one parentwith the outer segment
of the other parent. When crossover is not conducted, the selected
two parents are copied into the next generation. An example of a
two-point crossover is given in Fig. 6.

Mutation is applied to the chromosomes, except for the elites of
the previous generation.The probability of mutation Pmu is de� ned
as thepercentageof the total numberof genes in the population.This
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Fig. 6 Example of two-points
crossover.

operator prevents premature loss of important genetic information
by randomly altering a chromosome.

B. Repair Strategy for Balance Constraint
When the number of gene-1 is odd, the decoded laminate will be

unbalanced, or only one unbalanced C30-deg ply will be in excess
in the laminate. The situations will be same for gene-2 and gene-3.
In the present study the strategy is classi� ed into three cases. The
proceduresare adopted to make the least changes in the mechanical
behavior of the repaired layup compared to the unrepaired layup.

When only one kind of gene among three genes (gene-1, gene-2,
and gene-3) violates balance constraint, the innermost gene-1 is
changed into gene-0, the gene-2 into gene-0 or gene-4 with the
same probability, and the gene-3 into gene-4, respectively. If there
is only one violatinggene, the innermost gene-0 or gene-4 is altered
to balance the violating gene. When two kinds of genes violate
this constraint, the innermost gene among the violating genes is
converted into the other kind of gene.

Consider a case in which there are three gene species that vio-
late the balance constraint. If the innermost gene among the group
of gene-1 and gene-3 is gene-1, the innermost violating gene-1
should be changed to gene-0. Next, the remaining violating genes
are gene-2 and gene-3. The next repairing process is to convert the
innermost violating gene (among the group of gene-2 and gene-3)
into the remaining angle-ply gene (gene-2$ gene-3). If gene-3 is
the innermost instead of gene-1, the innermost gene-3 is converted
into gene-4. Consecutively, the innermost violating gene (among
the group of the gene-1 and gene-2) is switched into the remained
angle-ply gene (gene-1$ gene-2).

This strategy is similar to that of Todoroki’s version but not the
same. For example, in the present repairing strategy the repairing
process for balance constraint precedes the four-contiguity con-
straint repairing process. Thus, there is no extra effort required to
reconsider the four-contiguity constraint in checking the balance
constraint. In addition, three kinds of angle-ply genes are consid-
ered in the present study (§30, §45, §60 deg), whereas only one
kind of angle-plygene is consideredin Todoroki’s study (§45 deg).
Thus, the consideration of balance constraint is more complicated
in the present strategy than in Todoroki’s.

If the repair proceduredoes not change the laminate but changes
the genes only, it can prevent bene� cial changes that occur as a re-
sult of two or more consecutive mutations. For example, consider
a case when it is bene� cial to transform the chromosome [030030]
corresponding to the [0/60/0/0/-60/0]s laminate into [040040] cor-
respondingto the [0/90/0/0/90/0]s laminate. When the chromosome
[030030]mutates into the chromosome [030040], the repair system
reverses the change, and the chromosome still corresponds to the
[0/60/00/-60/0]s laminate. In this case the repair proceduredoes not
change the chromosome.One additionalmutation in a future gener-
ation can transform the gene to [040040],and the innermost gene-2
will now be developed into the 90-deg ply. The innermost gene-2
acts like a recessive gene.

C. Repair Strategy for Four-Contiguity Constraint
This constraint is concerned with only the gene-0 and gene-4.

When thereare more than four contiguousgenes, the innermostgene
of the contiguous genes is converted into other gene. For example,
[02444420]s is repaired into [2444020]s.

For the innermostgenes this repair procedureshouldbe modi� ed.
When the two innermost genes are the same kind, there are already

Fig. 7 Schematic of multiple elitism.

four contiguousplies with the same orientation in the middle of the
laminateas a result of layup symmetry.Therefore, the repair process
is not allowed to stackmore than two genesin the innermostposition
within a laminate. When the innermost genes violate this rule, the
gene value of the innermost ply is converted into the other gene. For
example, [04104100]s is converted into [04104104]s.

D. Multiple Elitism
The schematic of multiple elitism is shown in Fig. 7. The top de-

signs (elites) from the parent populationare selectedand placed into
the new population. The child designs required to � ll the remain-
der of the new population are created from the remaining parents
that have not been selected as multiple elites, and then placed into
the new population. This selection scheme is computationally less
intensive because fewer child designs require � tness computation.
The number of elites to be copied into the next generation Ne are
selected as follows according to population size:

Ne D b.PopSize C 5/=4c (21)

where the symbol b c (� oor) indicates the largest integer smaller
than or same as the number in the symbol. For example, when
population size is 25 seven elites are selected and copied into the
next generation.

V. Results and Discussion
In the present study graphite–epoxy composite laminates under

the action of extensional loading are considered. We consider sym-
metric 16-ply layup con� gurations. The material properties and
strength data are as follows:

E1 D 207 GPa; E2 D E3 D 5 GPa

G12 D G13 D 2:6 GPa; G23 D 1:8 GPa

º12 D º13 D 0:25; º23 D 0:45

X t D 1035 MPa; Xc D 689 MPa

Yt D 41 MPa; Yc D 117 MPa; S D 69 MPa

In the calculation of the interlaminar stresses, three Kantorovich
iteration processes are used, and two expansion terms, n in Eq. (4),
are chosen. These selections are suf� cient to calculate stresses
reliably.

Various parameters (populationsize, probabilityof mutation,and
probability of crossover) are given in Table 1. The numerical per-
formance of GA is evaluated with respect to these parameters.

If the optimized results have been obtained, the performance of
GA can be estimated for the variousparameters.In the presentstudy
four different criteria are applied to assess the performance of the
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Table 1 Parameters of GA

Parameter Value

Chromosome length 8
Upper limit of generation 100
Number of runs Nr 30
Population size 7»50 (29)a

Probability of mutation 0.0»1.0 (0.1)a

Probability of crossover 0.0»1.0 (0.9)a

a [( )D default].

a)

b)

c)

d)

Fig. 8 Parametric study for population size (at nominal properties).

a)

b)

c)

d)

Fig. 9 Parametric study for population size (with uncertainty of properties).

present GA in the layup optimization problem.10 The � rst criterion
is the normalized cost per genetic search Cn , determined by

Cn D .Ng Nc=R/.R D Nop=Nr / (22)

where Ng is the number of generationsper run and Nc is the number
of child designs created in each generation. If GA is run Nr times
and achieves success in � nding at least one of several global optima
Nop times of these runs, then the reliability R is calculated as the
equation in the parentheses of Eq. (22).
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The second criterion is the average number of optima found per
genetic search:

AN0 D
PNr

i D 1 N i
o

Nr

(23)

where N i
o is the number of optima found in the i th optimization

run. In the present problem we found out that the number of global
optima is three through the extensive numerical simulations. Thus
the maximum value of ANo is equal to 3.

a)

b)

c)

d)

Fig. 10 Parametric study for probability of mutation (at nominal properties).

a)

b)

c)

d)

Fig. 11 Parametric study for probability of mutation (with uncertainty of properties).

The third criterion is de� ned as the cost per optimum found:

Co D Ng Nc

¯
ANo (24)

The � nal criterion is � nal population richness, which helps to
monitor how the GA exploits global optimum regions of the design
space. Final population richness Pr is de� ned as

Pr D N1 f =.PopSize ¢ Nr / (25)
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where N1 f is the number of members in the � nal populationof each
run with � tness values within a certain small amount 1 f of the
optimum. In the evaluation of N1 f , we consider the designs whose
� tnesses are within the deviation of 7.7% from the optimal one.

In the present study the three global optima are ob-
tained as [0/0/0/30/0/0/0/¡30]s, [0/0/0/30/0/0/¡30/0]s, and
[0/0/30/0/0/0/¡30/0]s, regardless of the uncertainty in material
properties.The optimal� tness is 6.915£ 105 for nominalproperties.
When the uncertaintiesof material propertiesare considered,the � t-
ness is 6.877£ 105, which is 0.55% smaller than optimal � tness for

a)

b)

c)

d)

Fig. 12 Parametric study for probability of crossover (at nominal properties).

a)

b)

c)

d)

Fig. 13 Parametric study for probability of crossover (with uncertainty of properties).

nominal material values. The deviationof all of the material proper-
ties is set to 5% from nominal values. The failure mode of optimal
design is tension in the axial direction for both cases.

The results of parametric evaluation in the applicationof GA are
shown in Figs. 8–13. Figures 8, 10, and 12 are the plots using nom-
inal material properties, and Figs. 9, 11, and 13 are the plots using
scatteredpropertieswith 5% deviationfrom the nominalvalues.For
a population size greater than 15, as the population size becomes
larger, the GA is more costly but � nds more optima. For this case
� nal richness is nearly constant. Figures 10 and 11 show that the
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Table 2 Sensitivities with respect to material properties

Material property Normalized sensitivity

EL ¡2:936£ 104

ET C1:982£ 104

ºLT C0:961£ 104

GLT ¡0:457£ 104

cases with lower probability of mutation Pmu are better than those
with higher probability, and the reliable range of the probability
is from 0.05 to 0.15. As Figs. 12 and 13 show, the probability of
crossover Pcr has less effects on the performance of GA than the
probability of mutation does.

To construct a convex set for considering the bounded uncer-
tainty of scattered material properties (EL , ET , ºLT, and GLT), the
sensitivities are computed with a � nite difference scheme. Or,

@G

@ Ei
D

G" ¡ G0

"Ei

µ
" : small number (0.001)

E i : material properties

¶
(26)

where G0 and G" are the objective functions at the nominal proper-
ties and at the scattered properties, respectively.

When the convex modeling is applied even for the same layup,
the failure mode changes as the amount of deviation of material
properties is changed. Thus, six independent convex sets for one
layup are constructed to consider six independent failure modes.
The minimum among the failure indices calculated from the six
convex sets is assigned as the � tness of the layup.

The sensitivities for optimal laminates are given in Table. 2. The
strength sensitivity for each material property is given in the de-
scending order. Modulus EL has the largest sensitivity, and ET is
the second, and this result depends on the loading condition. In the
extensionproblemchangesof ºLT and GLT do not affect the strength
of laminated composites signi� cantly.

VI. Conclusions
The optimizationby GA with repair strategyand multiple elitism

for composite laminates was presented. It was demonstrated that
GA with repair strategyis ef� cient in handlingconstraints.GA com-
bined with multiple elitism is desirable for optimization; multiple
designs with performance similar to that of global optimum can be
found.To considerthe boundedmaterial propertyscattering,convex
modeling was constructed. The bounded uncertainty can be easily
considered in the optimization procedure by imposing the numeric
values of the scattering bounds in the input process. The method-
ology proposed in the present study can be used as a powerful tool
in the practical layup design of composite laminates. Interlaminar
strength optimization can be extended to the various loading cases
(bending, twisting, and thermal loads). This work is in the progress.
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